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a b s t r a c t

The NMR z-spectra of 7Li+ and 23Na+ in stretched hydrogels contain five minima, or critical values, with a
sharp ‘‘dagger’’ on the central dip. The mathematical representation of such z-spectra from spin-3/2
nuclei contains nine distinct (the total is 15 but there is redundancy of the ± order-numbers) relaxation
rate constants that are unique for each of the spin states, up to rank 3, order 3.

We present an approach to multiple-parameter-value estimation that exploits the high level of sepa-
rability of the effects of each of the relaxation rate constants on the features of the z-spectrum. The Mar-
kov chain Monte Carlo (MCMC) method is computationally demanding but it yielded statistically robust
estimates (low coefficients of variation) of the parameter values. We describe the implementation of the
MCMC analysis (in the present context) and posit that it can obviate the need for using multiple-quantum
filtered RF-pulse sequences to estimate all relaxation rate constants/times under experimentally favor-
able, but readily achievable, circumstances.

Crown Copyright � 2011 Published by Elsevier Inc. All rights reserved.
1. Introduction both 7Li+ and 23Na+ in a way that appears to be novel (in the pres-
The NMR ‘z-spectrum’ is a variant of the outcome of the satura-
tion transfer experiment [1]: radio-frequency (RF) radiation is ap-
plied at frequency offsets across the whole NMR spectrum, and the
total spectral integral is graphed as a function of the off-set fre-
quency (e.g., [2]). For quadrupolar nuclei such as 2H in HOD
(spin-1; where D denotes deuterium) [2] and 23Na+ (spin-3/2) [3]
these nuclei in a hydrogel of gelatin or carrageenan, that is held
stretched [4,5], show spectra with well-resolved residual quadru-
polar couplings. The corresponding z-spectrum contains dips (min-
ima) at frequencies that do not all correspond to the main Zeeman
transitions of the simple pulse-and-acquire spectrum [2,3]. While
the primary focus of the present paper is on a method of spectral
analysis we also use the opportunity to present the z-spectrum
of another spin-3/2 nucleus, 7Li. These data were used to estimate
the values of relaxation rate constants of the various spin states of
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ent context).
Whereas single quantum spectra of 7Li and 23Na contain three

transitions in a 3:4:3 ratio, the z-spectra of 7Li+ and 23Na+ in
stretched gelatin gel have five minima, or critical values, with a
sharp ‘‘dagger’’ on the central dip. A mathematical representation
of such z-spectra arises from the solution of the Liouville–von-
Neumann equation that is modified by the addition of nuclear-
magnetic relaxation [2,3,6,7]. Using the irreducible spherical
tensor basis set [8,9], the form of the solution is a ratio of polyno-
mials of high degree (degree 6 for spin-1 [2] and 12 for spin-3/2
[3]) in the off-set frequency of the partially saturating radiation;
and the mathematical solution contains the nine relaxation rate
constants (the total is 15 but there is redundancy of the ± order-
numbers) that are unique for each of the spin states up to rank 3,
order 3 [3].

Conventionally, the values of the relaxation rate constants of a
spin-3/2 nucleus are estimated by using various multiple-
quantum-filter RF pulse sequences, to select particular spin states
and hence their relaxation time courses (e.g., [3]). Here, we address
the task of estimating all nine relaxation rate constants
(R1,0, R1,1, . . . , R3,3; where Rl,p is the relaxation rate-constant for
the tensor Tl,p) and the value of the residual quadruple coupling
constant, mQ, from a family of 3–10 z-spectra. Optimism that this
would be possible was based on the previous observation that
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the features of z-spectra of HOD in 2H NMR [2], and 23Na+ [3] are
almost separately ascribable to each of the respective spin states,
so that the values of the relaxation rate constants affect each fea-
ture in a distinct and almost unique way. This feature is akin to
shimming the magnetic field of an NMR magnet with a set of ‘‘al-
most-orthogonal’’ magnetic field-gradient coils. E.g., we have
shown that the central dagger in the z-spectrum is assignable to
T2,2 for I = 1 [2], and T3,3 for I = 3/2 [3], so in simulating the latter
data, increasing the value of R3,3 decreases the depth of the dagger
and nothing else in the z-spectrum; conversely, the values of no
other relaxation rate constants affect the depth of the dagger [3].

In our previous fitting of z-spectra we used nonlinear regression
to estimate the values of the relaxation rate constants of the spher-
ical tensors, T1,0, T1,±1, . . . , T3,±3 pertinent to 23Na+ in a stretched
gelatin gel. The fitting was only achieved in a practical time (sev-
eral minutes) by iterating the regression process through small sets
of the parameters (in Mathematica using the Levenberg, Marquardt,
Morrison algorithm [10]) usually ‘floating’ three at a time. More
elaborate algorithms have recently been described to handle mul-
ti-parameter problems; and they perform well with the fitting of
certain types of model [11]. However, a much more direct ap-
proach that has become feasible with the greatly improved speed
of laptop and desktop computers is the Markov chain Monte Carlo
(MCMC) algorithm. The insights for this type of work are provided
in the book by Jaynes [12] (completed posthumously by Bretthorst)
and described recently in series of three lucid papers [13–15].

The outcome from the statistical analysis was a consistent set of
estimates of the values of relaxation rate constants. Thus it may be
experimentally valuable to discover that a particular spin-state
with a special characteristic (e.g., large value) could be selected
to interpret the physical environment of a group of spin-bearing
ions or molecules. However, this aspect is not dealt with here as
we concentrate on data-analysis: e.g., see other references for the
use of long-lived states (that could first be revealed by the present
method) for probing soft and hard material structures, by using
pulsed field gradient spin-echo (PGSE) NMR spectroscopy [16,17].

2. Materials and methods

2.1. Theory of methods

The mathematical expression for a z-spectrum is derived by
solving the equations of motion of the density operator (the caret
denotes an operator) in Hilbert space as described previously
[2,3]. This is given by the Liouville–von-Neumann equation [6–9],

dq̂
dt
¼ �i½bH; q̂� ð1Þ

where q̂ is the density operator, and bH is the Hamiltonian. When
relaxation is included in the system of equations, Eq. (1) becomes:

dq̂
dt
¼ �i½bH; q̂� � ^̂Rðq̂� q̂eqÞ ð2Þ

wherebbR is the Redfield relaxation superoperator that acts on q̂.
When the RF field is applied continuously for sufficiently long

before acquiring the free induction decay (FID), the energy of the
spin system reaches a steady state in which energy input from
the RF field is balanced by losses via relaxation to the ‘lattice’. Thus,
the derivative on the left-hand side of Eq. (2) becomes 0. By rear-
ranging this equation, we obtain the expression for the steady-
state density operator, ^̂qss, which in the case of spin-3/2 nuclei is
a 15 � 15 matrix [3].

The matrix was programmed in Mathematica [10] and was in-
verted and multiplied by the column vector (0, �R1,0, 0, 0, 0, 0, 0,
0, 0, 0, 0, 0, 0, 0, 0)t, where t denotes the transpose of this row vec-
tor, to give the z-spectrum. This spectrum was normalized to the
largest value for subsequent plotting and comparison with other
such spectra. While an analytical expression can be obtained this
way, as was done for the 8 � 8 element matrix for HDO in 2H
NMR, using the function Inverse [2,3] in Mathematica [10], its size
and complexity for spin-3/2 made its evaluation best done
numerically.

2.2. NMR methods

2.2.1. Spectrometer and data processing
7Li and 23Na NMR spectra were recorded at 155.51 and

105.4 MHz, respectively on a Bruker DRX 400 spectrometer
(Bruker, Karlsruhe, Germany) with an Oxford Instruments (Oxford,
UK) 9.4 T, vertical, wide-bore magnet.

Gaussian–Lorentzian deconvolution (Bruker, TopSpin 2) or
manual integration were used, as relevant, to extract the relative
areas of resonances in 1-dimensional (1D) spectra.

2.2.2. Pulse sequences
2.2.2.1. z-Spectra. For the z-spectra a ‘saturation transfer’ RF pulse
sequence was used in which a period of low-power variable offset
irradiation was followed by a phase-cycled p/2 pulse, then the FID
was acquired. For 7L+ the selective partially saturating irradiation
was achieved with a pulse of 10.0 s (12.0 s for 100% D2O sample)
duration (�five times the longest anticipated relaxation time)
using a power-attenuation of �69–87 dB from a standard Bruker
300 W decoupling amplifier. The value of the attenuation factor
was initially adjusted empirically to achieve full suppression of
the signal in the un-stretched state of the sample. The acquisition
time, aq, was 2 s; and the p/2 pulse duration, tp, was 15.8 ls giving
the Larmor frequency in the B1 field, v1, derived from the formula
p/2 = c B1 tp = 2pv1 tp, of 15822.8 rad s�1. The irradiation frequen-
cies were varied in small steps across the whole spectrum, from
high to low frequency of the centre, beginning and ending where
there was no apparent peak suppression. For the 23Na+ z-spectra
the procedure was the same but the RF-pulse conditions were as
described in [3], with tp = 19.5 ls for the i-carrageenan samples.
Following standard 1D processing all spectra were deconvoluted.
Each total integral was plotted as a fraction of that of the corre-
sponding non-irradiated spectrum; i.e., it was normalized to the
control spectrum.

2.2.2.2. Estimate of R2,0. This estimate was made using the Jeener-
Broekaert pulse sequence [18], as described in [3].

2.2.2.3. Estimates of R1,0 and R3,0. For these estimates a triple-quan-
tum filter was used after a conventional inversion recovery pulse
sequence, as described in [3]. The data were fitted by nonlinear
regression analysis in Mathematica [10] to the function,
Signal ¼ Ase�s=T1;s � Af e�s=T1;f where the pre-exponential As denote
the amplitudes of the two components of the Signal (that is pro-
portional to magnetization), and the subscripts, s and f, denote
slow and fast, respectively.

2.2.2.4. Estimates of R1,1, R2,1 and R3,1 of the respective one-quantum
tensors. The relaxation times of the one-quantum irreducible
spherical tensors were estimated from data acquired with a quad-
rupolar-echo RF pulse sequence as described in [3] with phase cy-
cles as described by Halle and Furo [19], and Eliav and Navon [20].

Both sequences gave data that yielded, by nonlinear regression
using Mathematica [10], different values for the relaxation rate
constants for the centre peak and the two satellites.

2.2.2.5. Estimates of R2,2 and R3,2 of the, respective, double quantum
tensors. The pulse sequence employed a double-quantum filter
with a flip angle of 109.5� (cos 109.5� = �1/3). There was no refo-
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cusing 180� pulse hence during the quadrupolar evolution time the
frequency offset was set to that of the centre peak of the 7Li+ triplet
[3].

This pulse sequence yielded a magnetization time course that
when fitted by a single exponential yielded an estimate of R2,2

and R3,2.

2.2.2.6. Estimates of R3,3 of the triple-quantum tensor. The value of
R3,3 was estimated from data obtained with a triple-quantum-filter
pulse sequence [3,9].

2.3. Markov chain Monte Carlo algorithm

Fig. 1 shows the logic-flow diagram for the MCMC algorithm; it
involved the use of a random number generator (hence the name
Monte Carlo) to incrementally increase or decrease the value of
each element of a vector of parameter values, evaluate the func-
tion, and subtract the outcome from the previous value, thus yield-
ing a ‘residual’. If the summed square of residuals was less than
that from the previous iteration, a secondary ‘probability filter’
caused the new vector to become the next or ‘new’ vector; if not
the ‘old’ vector was used in the next iteration. The process was iter-
ated a specified number of times, commonly 1000. It was possible
to follow graphically the progress of the minimization of the sum
of squares of the residuals, and to terminate the computation once
a plateau in parameter values was evident. It was also possible to
calculate the standard deviation of each parameter estimate using
the accumulated chain of vectors (hence the term Markov chain)
once the process had settled into a ‘plateau’ of function values, al-
beit with random fluctuations around a mean value.

2.4. Materials

2.4.1. Gels
For the 7Li+ samples, gelatin (Gelita, Brisbane, QLD, grade 20N)

solution (63% w/v in 1% D2O, 99% H2O; or 100% D2O) in its liquid state
(usually at 60–80 �C) and containing 874 mM LiCl was drawn into a
silicone rubber tube (for 10-mm NMR tubes Silastic� laboratory tub-
ing from Dow Corning Corporation) that was sealed with a plug at
one end, as previously described [2,3]. This tube was then inserted
into a glass pipe (10-mm o.d.) so that when ‘setting’ occurred (at less
than �30 �C) the gel could be stretched with the silicone tube, and
thus held extended by a thumb-screw that was positioned at the
upper end of the outer glass pipe [2,3]. For the 23Na+ samples in gel-
atin the procedure was the same except the gelatin solution (30–50%
w/v in 100% D2O) contained 154 mM NaCl. For the 23Na+ samples in
carrageenan, the i-carrageenan C1138 was from Sigma–Aldrich (St.
Louis, MO) and contained 154 mM NaCl.
3. Results

3.1. 7Li+ spectra – H2O

Fig. 2 shows a family of 10 7Li NMR (155.51 MHz) z-spectra
acquired from LiCl in gelatin-gel constituted in H2O and set in a
silicone-rubber tube that was stretched to twice its original length
and held firmly in this state. From the top spectrum (orange) to the
bottom (red) the power was varied with an attenuation of the RF
amplifier (�300 W) of 69–85 dB corresponding to power factors
of (�10�4) (3.5, 2.8, 2.2, 1.8, 1.4, 1.1, 0.89, 0.70, 0.56, 0.44). While
it might be expected that the values of m1 used would be able to
be calculated from the experimentally measured duration, tp, of a
p/2 pulse (p/2 = cB1tp = 2pv1tp and the attenuation factor is equal
to 10�a/20 where a is the value of the attenuation in dB) it tran-
spired that the most satisfactory fitting was achieved when these
values were ‘floated’ in the process; and the original calculated val-
ues of m1 were only used as starting values.

From Fig. 2 it was also seen that for the particular gelatin con-
centration used, and chosen extent of stretching, that the value of
the residual quadrupolar coupling constant, mQ, was close to
10.8 Hz. Again, the best fits (lowest standard deviations) were ob-
tained when this was only used as a starting value that was appli-
cable to each z-spectrum and it was floated in the fitting
procedure. Thus, the whole set of 10 z-spectra were fitted simulta-
neously with the initial values being set for mQ, 10 different values
of m1, and the nine relaxation rate constants giving a total of 20
parameter values to be estimated.

The initial estimates of the relaxation rate constants deter-
mined as described in the Methods section are given in Table 1.
The values are all less by �2 orders of magnitude than the corre-
sponding values for 23Na+ [3]; in other words the relaxation times
of 7Li+ were in the neighborhood of 1 s as opposed to 1–10 ms for
23Na+. The values of the relaxation times estimated by the MCMC
method, and the various multiple-quantum filter experiments
were similar but the estimates of the standard deviations were less
with the new approach.

3.2. 7Li+ relaxation times – D2O

The values of the relaxation times of 7Li+ were estimated from a
gel constituted in D2O; these are the bottom numbers in each cell
in the second column of Table 1. The basis for differences from
those obtained in H2O is of relevance to an explanation of the
mechanism of relaxation of the various spin-states. However, it is
readily apparent that the pairs of values were all very similar ex-
cept for T1,0 and T3,0; on the other hand the relaxation times of
all three of the second rank tensors were the same within the
experimental error (overlap of mean values + or – two standard
deviations) and the values of T3,2 and T3,3 were almost identical.

3.3. 23Na+ spectra – previously reported data

Fig. 2 revealed systematic deviations of the lower three fitted
curves from the experimental data but fitting to the central dagger
was well captured by the algorithm. Based on the previous insights
from ‘visual’ fitting of z-spectra [3] this was deemed to be impor-
tant as the depth of the dagger closely reflects the value of R3,3.
On the other hand the value estimated by the previous approach
was relatively low (last row of Table 1); and when this value was
used in z-spectral simulations it was readily seen to be erroneous.
In order to assess the veracity of this finding and to explore poten-
tial systematic errors in the MCMC approach we reanalyzed the
data from [3].

Column 2 in Table 2 lists the previous [3] estimates of the relax-
ation times of the various tensors; and Column 3 shows the values
that were estimates by fitting iteratively in groups of three param-
eters using conventional nonlinear least-squares regression [3].
The top number in each cell of Column 4 shows the final MCMC
fit. The first entries in Columns 1–3, row 1 are all similar implying
that the zero-order, longitudinal relaxation time was estimated
‘‘robustly’’ (similar values) by all three approaches and notably
by the MCMC method. The three estimates each of T2,0, and T2,1

were all similar and yet in the previous regression analysis [3]
the estimate of T3,2 was larger by a factor of two while with the
MCMC method it was less. The most notable difference between
the estimates made by using the multiple-quantum filter method
and nonlinear regression analysis of the z-spectra was the estimate
of T3,3. Since the value of T3,3 is the almost exclusive determinant of
the depth of the central dagger in the z-spectrum it was concluded
that the multiple-quantum filter method was in error; the larger
estimate was reconfirmed in the MCMC analysis, which returned
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a value close to (12.4 ms versus 15.0 ms) that from the nonlinear
regression analysis.
3.4. 23Na+ spectra-from i-carrageenan gel

Based on work with carrageenan gels with their high concentra-
tion of charged sulfate groups [21] but low overall gel concentra-
tion (as compared to gelatin gels) it was expected that the
relaxation times of the various tensors would differ from those
estimated from gelatin gels. Three 23Na+ NMR z-spectra obtained
from i-carrageenan gels are shown in Fig. 3. MCMC analysis was
performed on this small set and the very close fit of the z-spectrum
function is evident, with special note of the central dagger. The
estimate of T3,3 was the largest of all the relaxation times, as was
the case for gelatin. Indeed it was higher than the value for gelatin,
as were T2,1, T2,2, T3,1, and T3,2. The only markedly lower value than
for gelatin was T1,1.
4. Discussion

4.1. MCMC performance

On searching for a global minimum when applying the MCMC
algorithm to z-spectral data it was essential to have initial



Fig. 2. 7Li NMR (155.51 MHz) z-spectra (steady-state irradiation envelopes;
normalized to the control spectrum) of 7Li+ in stretched (by a factor of �2) gelatin
gel. The family of 10 z-spectra were acquired with the partially saturating RF field
delivered at the indicated offset frequencies and of the following power-attenuation
factors (see Section 2) (in dB), respectively: red 87; maroon 85; purple 83; violet 81;
blue 79; aquamarine 77; light green 75; dark green 73; yellow 71; and orange 69. A
saturation transfer RF sequence was used with an RF flip angle of 90� invoked with a
pulse of 15.6 ls, a repetition time of 12.0 s, and with 8 transients per spectrum. A
line-broadening factor of 0.5 Hz was applied prior to Fourier transformation of the
FID. The sample was thermostatted in the NMR probe at 15 �C. (For interpretation of
the references to colour in this figure legend, the reader is referred to the web
version of this article.)
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estimates that were within and order of magnitude of the ‘true’ va-
lue. For this reason preliminary multiple-quantum filtered-based
estimates were valuable. Then a series of runs were performed
with a number of iterations around 1000 and a choice of increment
values that were �1/100 to 1/1000 the initial estimate of each
parameter value. Finally having observed that the parameter esti-
mates each approached a plateau value the set of estimates was
concluded to be at the local minimum of the multi-dimensional
parameter space. Re-running the algorithm using these values as
starting values led to estimates of standard deviations obtained
from the respective distribution of values around the mean that
approached zero. This is clearly incorrect: so to obtain an estimate
of the standard deviation of parameter estimates it was necessary
Table 1
Relaxation times of the nine spin states of different rank and order that corresponded to t
subscripts refer to the corresponding tensor. The relaxation times with a right-hand zer
‘conventional’ R2 times (1/T2); while those with 2 or 3 in this position describe transverse

Relaxation times Experimental value
(1/R; s)

Experiment type a
fitting function

T1,0 = 1/R1,0 3.03 ± 0.04a Biexponential fit fo
3.57 ± 0.12b

T1,1 = 1/R1,1 0.47 ± 0.02 Single exponential
0.30 ± 0.02

T2,0 = 1/R2,0 1.02 ± 0.08 Jeener–Broekart an
1.20 ± 0.09

T2,1 = 1/R2,1 0.62 ± 0.04 Single exponential
0.61 ± 0.05

T2,2 = 1/R2,2 0.26 ± 0.03 dAverage of values
should give two va

0.25 ± 0.04
T3,0 = 1/R3,0 0.59 ± 0.06 Biexponential fit g

0.86 ± 0.07
T3,1 = 1/R3,1 0.47 ± 0.02 Single exponential

0.30 ± 0.02
T3,2 = 1/R3,2 0.26 ± 0.03 dSee above

0.25 ± 0.04
T3,3 = 1/R3,3 0.21 ± 0.03 Single exponential

0.20 ± 0.02

a The upper number in each cell in this column is the value estimated with 7LiCl and
b The lower number in each cell in this column is the value estimated with 7LiCl and
c All standard deviations were less than 0.001.
to increase the value of the decrement to �1/100th of the mean va-
lue. By doing this, random variations in the set of parameter values
causes all values to vary significantly and thus ‘map out’ a large
neighborhood of the local minimum over the iteration time course;
thus over the fitting trajectories all parameters take on a distribu-
tion of values from which a standard deviation can be estimated.
This process is tantamount to a ‘sensitivity analysis’ that is used
in studying the dependence of the output of a mathematical model
on the values of its parameters, say of a metabolic system whose
kinetics are described by an array of nonlinear differential equa-
tions [22].

The MCMC method of regression analysis led to objective fitting
of families of z-spectra. Of particular note was the extent to which
the fitting readily captured the details of the central dagger and
hence allowed the estimate of T3,3. This value was less reliably esti-
mated by using the approach with multiple-quantum filtered
spectra.
4.2. Variations between types of hydrogel

The estimated values of the relaxation times of 23Na+ in i-carra-
geenan gels were in most cases higher than for gelatin. i-Carra-
geenan is a poly-sulfated carbohydrate polymer so it is likely
that the sulfate groups bind and thus sequester paramagnetic ions;
this decreases the rate of relaxation of various spin states that
would otherwise interact with paramagnetic ions. On the other
hand the value of T2,1, which is equivalent to the conventional T2,
was shorter. This can be ascribed to the rapid exchange of the
23Na+ ions on and off the sulfate groups [21]. A detailed analysis
of the mechanistic basis of the different relaxation times, however,
was not the focus of the present work and will be dealt with
elsewhere.
4.3. Systematic deviations in parameter estimates

The differences in mean values of relaxation rate constants esti-
mated by the standard approach and the MCMC method (Tables 1
and 2) begs an explanation. Possible errors in the theory, or their
application in computer programs, of the multiple-quantum filter
he irreducible spherical tensors of 7Li+ in stretched gelatin gel in H2Oa and D2Ob. The
o subscript are longitudinal relaxation times; those with 1 in this position are the
relaxation of two- and three-quantum states, respectively.

nd MCMC-fitted value
(1/R; s)

r T3,0, and T1,0 8.6 ± <0.01c

fit; same value as T3,1 0.80

d single exponential fit 4.6

fit 0.43

for three peaks; could not fit a biexponential;
lues, one each for T2,2 and T3,2

0.11

ives T3,0, and T1,0 3.0

fit; same value as T1,1 0.56

0.11

fit 0.18

gelatin dissolved in H2O.
gelatin dissolved in D2O.



Table 2
Comparison of previous estimates reported in [3] (Columns 1–3), of the nine relaxation times that correspond to the irreducible spherical tensors of 23Na+ in stretched gelatin gel
in D2O, with the same data subjected to MCMC analysis (Column 4). The parameter names are the same as in Tables 1 and 2; and the new values estimated for 23Na+ in stretched
i-carrageenan gel (Column 5).

Column 1 Column 2 Column 3 Column 4 Column 5
Relaxation parameter Previous [1] experimental

estimate (1/R; ms) (gelatin)
Previous [1] piecewise regression
estimate (1/R; ms) (gelatin)

MCMC-fitted estimate
(1/R; ms) (gelatin)

MCMC-fitted estimate
(1/R; ms) (carrageenan)

T1,0 = 1/R1,0 11.2 ± 1.2 10.0 12.4 ± 0.001a 7.7 ± <0.001c

11.8 ± 1.0 10.6 ± 0.02b

T1,1 = 1/R1,1 8.0 ± 0.3 7.0 10.5 ± 0.2 2.3
9.4 ± 0.07

T2,0 = 1/R2,0 5.3 ± 1.0 5.0 5.6 ± 0.02 4.2
3.3 ± 0.11 4.9 ± 0.02

T2,1 = 1/R2,1 1.9 ± 0.1 3.5 2.05 ± 0.01 8.5
2.0 ± 0.004

T2,2 = 1/R2,2 2.1 ± 0.06 3.0 7.1 ± 0.06 11.9
6.9 ± 0.02

T3,0 = 1/R3,0 4.4 ± 0.5 4.0 7.7 ± 0.04 4.8
6.4 ± 0.02

T3,1 = 1/R3,1 8.3 ± 0.3 2.0 7.3 ± 0.05 11.9
6.3 ± 0.01

T3,2 = 1/R3,2 2.1 ± 0.06 5.0 1.1 ± 0.003 7.3
1.2 ± 0.01

T3,3 = 1/R3,3 7.7 ± 0.1 15.0 12.4 ± 0.1 19.1
8.3 ± 0.04

a The upper number in each cell in this column is the final estimate after plateaux of trajectories of values in the 4000 iterations of the MCMC analysis with increments on
the Rl,p values of Rl,p/200, on the m1,i values of m1,i /500, and on mQ of mQ/1000.

b The lower number in each cell in this column is the estimate after 4000 iterations of the MCMC analysis with increments on the Rl,p values of Rl,p/500, on the m1,i values of
m1,i/500, and on mQ of mQ/1000. Plateaux were not achieved in the trajectories, for the three values m1,i, i = 1, . . . , 3, R3,2, and R3,3.

c In this column the data set (shown in Fig. 3) consisted of three z-spectra with different m1,i values, with increments on the Rl,p values of Rl,p/200, on the m1,i values of m1,i/
200, and on mQ of mQ/500. The standard deviations were all less than 0.001.

Fig. 3. 23Na NMR (105.4 MHz) z-spectra from 23Na+ in stretched i-carrageenan gel.
The three z-spectra were acquired with the partially saturating RF field delivered at
the indicated offset frequencies and using the following power-attenuation factors
(see Section 2) (in dB), respectively: red 55; green 53; blue 51. A saturation transfer
RF pulse sequence was used with an RF flip angle of 90� invoked with a pulse of
19.5 ls, a repetition time of 10.0 s, and with 8 transients per spectrum. A line-
broadening factor of 0.5 Hz was applied prior to Fourier transformation of the FID.
The sample was thermostatted in the NMR probe at 15 �C. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of
this article.)
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approach, or the Liouvillian theory used here, appear to be unlikely
as several authors have independently performed simulations
using their own algorithms. So the most likely explanation is found
in the experimental set up. Obtaining hydrogel samples that give
reproducible NMR spectral responses demands careful attention
to the source of the gel and its batch number. This potential varia-
tion was eliminated in the present work by using replicate mea-
surements on the same batch of gel that gave results that were
the same within experimental error. This leaves two other sources
of discrepancy, namely the calibration of RF pulse durations with
nutation angle (or magnetization), and avoidance of the effect of
‘progressive saturation of magnetization’ when averaging FIDs. In
the present work the former was assiduously addressed. However,
the latter effect is the likely explanation for the differences in
parameter estimates that are shown especially in Table 1.

With the conventional inversion recovery RF pulse sequence,
that is used to estimate the value of T1, the failure to record the sig-
nal after a sufficiently long delay means that the signal is mistak-
enly taken to have plateauxed before the spin system has fully
relaxed. Therefore, when fitting a rising exponential function to
the data the estimated relaxation rate constant is larger (‘faster’)
than the ‘true’ value. In other words the method underestimates
the value of T1.

When z-spectra are generated, RF irradiation is applied to the
sample for sufficiently long so that a true steady-state is set up be-
tween the energy input from the RF field and that dissipated by the
spin-system to the surroundings (lattice). It is conventional prac-
tice when performing these experiments, and in fact for the mea-
surement of all relaxation times, to use inter-transient delays of
at least five times the longest relaxation time (usually T1). For
z-spectra the theory embodied by Eq. (2) assumes that the time
derivative of the density operator is zero, but if the system has
not reached a steady state before each FID is recorded then the
power delivered will be less than is calculated using the arguments
given in Section 2.2.2.1. The fact that it was not possible to obtain
‘reasonable’ MCMC fits to the z-spectra in the present work, using
the calculated m1 values (but we used these as starting values in the
MCMC fitting), is consistent with the system not having been in a
‘true’ steady state.

The intellectual challenge is to ascertain if this situation leads to
an under- or an over-estimate of the various relaxations times. We
posit that at least for T1,0 (1/R1,0) it is over estimated, in contrast to
the situation with the simple inversion recovery method. If a stea-
dy state of RF-input energy is not attained, then the effective value
of m1 will be less than calculated (Section 2.2.2.1). In Figs. 2 and 3
(and in the top right, inset of Fig. 1 in [3]) it is seen that increasing
the value of m1 increases the overall depth of the z-spectrum; in
other words the various features (minima) are ‘deepened’ as v1 is
increased. If the effective value of m1 is less than calculated then
the z-spectrum will be less deep than expected. On the other hand,
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in the top left panel of Fig. 2 in [3], it is seen that for a given value
of m1, increasing the value of T1,0 (1/R1,0) deepens the z-spectrum.
Thus in a situation in which a true steady state does not exist be-
tween the energy input via the partially saturating RF field and the
dissipation by the spin-system to the surroundings, the experi-
mental z-spectrum will only be able to be realistically simulated
(by using the theory), if a larger value (than is the ‘true’ one) is cho-
sen for T1,0 (1/R1,0). In other words, in a simulation, the lower effec-
tive m1 is compensated for by choosing (fitting) a larger value of
T1,0.

Overall this means that a common error in the implementation
of the z-spectrum experiment, namely failing to apply the partially
saturating RF irradiation for sufficiently long, will lead to an over-
estimate of T1,0. The situation regarding the other relaxation times
is more complex to understand at an intuitive level, and this will
require future theoretical and experimental studies.

5. Conclusions

In conclusion, the MCMC approach to multiple parameter-value
estimation performed well with sets of z-spectra from both 7Li+

and 23Na+. These spin-3/2 nuclei with relaxation times in very dif-
ferent time scales (different by a factor of �100) nevertheless
yielded z-spectra that readily revealed a global minimum in multi-
dimensional (10 + the number of z-spectra) parameter space. The
apparent separability of the effects of the parameter values on
the features of the z-spectra meant that the MCMC algorithm per-
formed well in spite of the very large dimensionality of the param-
eter space. This property of z-spectra makes them a useful form of
spectral analysis for probing properties of materials than can be in-
ferred from the different relaxation times of tensors of different
ranks and orders; and MCMC analysis provides a systematic way
of estimating all relaxation times including those that report on
particular physico-chemical features of a sample (e.g., [23]) pro-
vided the caveats alluded to in Section 4.3 are heeded.
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